Abstract. Starting with a p-local space X of l odd dimensional cells, l < p − 1, Cooke, Harper, and Zabrodsky constructed an H-space Y with the property that H * (Y ) is generated as an exterior Hopf algebra by H * (X). Cohen and Neisendorfer, and later Selick and Wu, reproduced this result with different constructions. We use Selick and Wu's approach to show that Y is homotopy associative and homotopy commutative if X is a suspension and l < p − 2.
Introduction
This paper investigates the H-structure of certain odd primary finite H-spaces. Let p be a fixed odd prime and take homology with mod-p coefficients. Let X be a p-local space of l odd dimensional cells, where l < p − 1. Then there is an H-space Y with the property that H * (Y ) is generated as an exterior Hopf algebra by H * (X). A general construction of such low rank torsion free H-spaces was first given by Cooke, Harper, and Zabrodsky [CHZ] using techniques involving power spaces. A different construction was later given by Cohen and Neisendorfer [CN] The construction of Y from X is natural for maps X −→ X. The multiplicative assertions in Theorem 1.1 are also natural. In fact, they are slightly stronger. The H-spaces in Theorem 1.1 also have a potentially useful universal property with respect to homotopy associative, homotopy commutative H-spaces, which is analogous to the universal property enjoyed by the James construction with respect to homotopy associative H-spaces. new examples can be found in Grbić's thesis [G] .
As an example where this additional H-structure may be useful, let X be an odd suspension of the stunted complex projective space CP n /CP m . There is a standard decomposition X p−1 i=1 X i , where in low rank, X i has l cells in dimensions 2j + n k , for j a fixed constant depending on the connectivity of X i , n k = 2k(p − 1) + 1, and 0 ≤ k < l < p − 2. The action of the Steenrod algebra in cohomology is given by
. Mimura, Nishida, and Toda [MNT] call such a space a mod-p Stiefel manifold, and have studied it in the context of homotopy decompositions of Lie groups.
The hypothesis on the number of cells in Theorem 1.1 is necessary in general, as S 2n+1 (l = 1) is not homotopy associative at the prime 3. It would be interesting to know if homotopy associativity fails when l = p − 2 for larger primes. On the other hand, S 2n+1 is homotopy commutative at p = 3, so perhaps homotopy commutativity is valid in more generality. It would also be interesting to know if the assumption that X is a suspension is necessary. [T] for certain H-spaces to be homotopy associative and homotopy commutative. In Section 4
we apply the previous two sections to prove Theorems 1.1 and 1.2. In Section 5 we describe some universal properties of Selick and Wu's space A min (X) (the smallest natural coalgebra retract of ΩΣX) and then specialize X to a complex of few odd dimensional cells to prove Theorem 1.3.
Functorial decompositions of loop suspensions
The material in this section comes from [SW1, SW2] . We use homology with mod-p coefficients throughout. Let X be a path-connected p-local CW -complex. Let V = H * (X). Let T (V ) be the tensor algebra generated by V ; this becomes a Hopf algebra by letting the elements of V be primitive. Recall that there is an algebra isomorphism H * (ΩΣX) ∼ = T (V ) which becomes a Hopf algebra isomorphism if X is a suspension. Let L n (V ) be the set of homogeneous Lie elements of tensor length n in T (V ). One can regard L n as a functor of V . Selick and Wu construct 
We now describe some of the ingredients in Theorem 2.1 in more detail. Let
be defined by the iterated commutator
Let Z (p) be the p-local integers. Let Σ n be the symmetric group on n letters. We can identify β n with the corresponding element in the group ring
Observe that an element σ ∈ Σ n corresponds to a map σ n : X (n) −→ X (n) by permuting the factors in the smash product. Suspending, such maps can be added, so the idempotent λ
Then we obtain a composite
which is a homology isomorphism and therefore a homotopy equivalence. In particular, the telescope
ΣX be the n-fold iterated Whitehead product of the identity map with itself. Let π n be the composite
Then the map π in Theorem 2.1 is the wedge sum of the π n 's:
More can be said when X is a suspension. The idempotent λ
If X is not a suspension this group need not be abelian, in which case the arithmetic necessary to show that the geometric map λ max n is an idempotent may not be possible.
When X is a suspension, then [X (n) , X (n) ] is an abelian group and there is a corresponding element
Samelson product of E with itself. Let π be the composite
Note that ad(n − 1) is adjoint to the n-fold iterated Whitehead product w n so π n is adjoint to π n .
The next Lemma gives a condition under which ad(n − 1) factors through π n .
Proof. It is a classical result [S, W] that the Dynkin-Specht-Wever element β n satisfies β 
The universal Whitehead product on a suspension
Let A and B be path-connected spaces. The usual statement of the Hilton-Milnor Theorem [H, M] is that there is an integral homotopy equivalence
where I is a vector space basis for a free Lie algebra L = L a, b on two generators, and α 1 and α 2 are nonnegative integers which record the number of occurrences of a and b respectively in the bracket α. 
Looping and multiplying in some chosen order over I gives a map
which is a homotopy equivalence.
It will be convenient to reformulate this homotopy equivalence. Note that the use of the Lie algebra L is only as a means of bookkeeping. So we can assume the Lie algebra calculations below are carried out over a field of characteristic zero. The calculations themselves are standard; as a reference, see for example [D, §2] .
gives a short exact sequence of Lie algebras
This short exact sequence can be refined into a two step process. First, there is a short exact
where
A Lie basis for L 1 may be calculated using the action of a on L 1 by ad, from which we may then 
Reodering smash products, we can regard ζ i,j as having domain ΣA (i) ∧ B (j) . Taking the wedge sum of the ζ i,j 's gives a map ζ :
Let e be the map
obtained by multiplying Ωi L , Ωi R , and Ωζ. We claim that e is a homotopy equivalence. To see this,
iteratively apply the Hilton-Milnor Theorem to obtain a homotopy equivalence
where J is a vector space basis for the free Lie algebra L generated by elements x i,j corresponding to the wedge summands ΣA 
This proves e is a homotopy equivalence.
We make one further refinement. Recall that the James construction gives a homotopy decom-
. So we can rewrite ζ as a map
and obtain a homotopy equivalence
Next, we compare ζ to a related map. In general, if M , N are spaces then including the wedge into the product gives a homotopy fibration
It is standard that ϕ is homotopic to the Whitehead product ev M , ev N of the evaluation maps 
is a homotopy equivalence. But s • Ωζ s • Ωϕ • Ωλ Ωλ. Thus Ωλ is a homotopy equivalence and so, in particular, it is an isomorphism on homotopy groups. Adjointing, this implies that λ is an isomorphism on homotopy groups, and hence λ is a homotopy equivalence.
Corollary 3.2. There is a homotopy fibration
Returning to the general case, when M = N we can compose ϕ with the fold map ∇ :
The universal Whitehead product of M is defined as the composite
This universal Whitehead product is called so because any Whitehead product on M factors through Ψ.
When M = ΣA, Corollary 3.2 implies we may equivalently regard ∇ • ζ as the universal Whitehead product on ΣA. We use this to obtain a more explicit description of the universal Whitehead product.
Recall from Section 2 that the map ΣA We end this section by giving a criterion from [T] which determines when certain H-spaces are homotopy associative and commutative. First observe that if there is a homotopy fibration sequence
Then F can be given an H-structure via the composite
where µ is the loop space multiplication on ΩB. The next proposition lets us recognize when µ F is homotopy associative and commutative. 
−→ E −→ B. Suppose there is a lift of the universal Whitehead product on B:
ΣΩB ∧ ΩB Ψ y y t t t t t t t t t t E / / B.
Then the multiplication µ F on F is both homotopy associative and homotopy commutative, and with respect to this multiplication the map ΩB
r −→ F is an H-map.
Finite H-spaces
We begin by stating Cohen and Neisendorfer's construction of p-local finite H-spaces, using the language of Selick and Wu, and then go on to prove the properties of the H-space structure described in Theorems 1.1 and 1.2.
the generating set of the exterior algebra.
The key calculation in proving Theorem 4.1 is that the submodule
is actually finite, with nontrivial summands for 2 ≤ n ≤ l + 1. When X is a suspension, we can say more: the Whitehead products ΣX
This is a consequence of the following more general lemma, which has the notable property that it gives a homological criterion for recognizing when certain Whitehead products are null homotopic. 
The Whitehead product w n is adjoint to ad(n − 1), so the Lemma follows.
We now use Lemma 4.2 to obtain a factorization of the universal Whitehead product in the case of interest, and then prove Theorems 1.1 and 1.2. 
The top row of the diagram is the definition of the multiplication µ Y on Y . The homotopy commutativity of the outer diagram then implies that g is an H-map.
Universal properties
This section investigates some general properties of A min (X) with respect to homotopy associative, homotopy commutative H-spaces. With the additional information that X is a suspension having few cells, we can prove the universal property described in Theorem 1.3. We begin by stating the universal property of the James construction [J] , as it will be used repeatedly. The maps r and s determine an H-structure m on A min (X) by the composite
where µ is the loop space multiplication on ΩΣX. If Y is also homotopy commutative, the following Lemma gives a condition under which g can be shown to be an H-map. 
Sincef is an H-map it is determined by its restrictions to each of the factors of ΩΣX. The fact thatf • Ωπ is trivial then implies the existence of the homotopy commutative diagram asserted by the Lemma.
It remains to show that g is an H-map. Consider the diagram
where µ Y is the multiplication on Y . The left triangle homotopy commutes by the definition of g.
The middle square homotopy commutes sincef is an H-map. We have just seen that the right square homotopy commutes. Now observe that the top row is the definition of the multiplication m, so the homotopy commutativity of the diagram shows that g is an H-map.
There is a modification of Lemma 5.2 which may be useful. Weakening the hypotheses on Y so it is only homotopy associative, but strengthening the hypotheses on X so it is a suspension, we have the following. We now specialize ΩΣX r −→ A min (X) to the case of Theorem 1.1 so that we know r is and H-map, and prove Theorem 1.3.
